



















$i \partial_{t}\psi=\frac{1}{2}(-\triangle\psi+V(x)\psi)-i\gamma\psi+\lambda|\psi|^{2}\psi+\frac{1}{2}K(x)\psi\dot{\xi}(t),$ $t\geq 0,$ $x\in \mathbb{R}^{d}$
(1.1)
[1, 13] (1.1) $V(x)=K(x)=|x|^{2}$






$\lambda$ 2 $s$ a
[2]
(1.1) $V\equiv 0,$ $K(x)= ^{}2$
$\xi(t)$
(1.1)
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$(\mathcal{F}_{t})_{t\geq 0}$ $(\Omega,\mathcal{F},\mathbb{P})$ $\mathcal{F}_{0}$
$W(t),$ $t\in \mathbb{R}^{+}$ $(\mathcal{F}_{t})_{t\geq 0}$ $0$
(1.1) $\dot{\xi}(t)=\sigma_{0^{\frac{dW}{dt}}}$
Schr\"odinger
$id \psi+\frac{1}{2}(\triangle\psi-V(x)\psi)dt-\lambda|\psi|^{2\sigma}\psi dt=\frac{\sigma_{0}}{2}K(x)\psi odW$ (1.2)







$\Sigma=\{v\in H^{1}(\mathbb{R}^{d}), xv\in L^{2}(\mathbb{R}^{d})\}$
2
$p\geq 1$ $L^{p}(\mathbb{R}^{d})$ $p$ $IP$
$|\cdot|_{L^{p}}$ $p’\geq 1$ $-+ \frac{1}{p}=1$ $p$
$k\in \mathbb{N}$
$\Sigma(k)=\{v\in L^{2}(\mathbb{R}^{d}),\sum_{|\alpha|+|\beta|\leq k}|x^{\beta}\partial_{x}^{\alpha}v|_{L^{2}}^{2}=|v|_{\Sigma(k)}^{2}<+\infty\}$
$\Sigma(k)$ $L^{2}$ $\Sigma(-k)$ $\Sigma(1)$ $\Sigma$
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$I$ $\mathbb{R}$ $E$ Banach $,$ $1\leq r\leq\infty$ $L^{r}(I, E)$ $I$





Theorem 1 Assume that $\psi_{0}\in\Sigma$ if $d=1$ or $\psi_{0}\in\Sigma^{2}$ and $1/2\leq\sigma\leq 1$ if
$d=2$ then there exist a stopping time $\tau^{*}(\psi_{0}, \omega)$ and a unique solution $\psi(t)$
of $(1.2)-(1.3)$, adapted to $(\mathcal{F}_{t})_{t\geq 0}$ with $\psi(0)=\psi_{0}$ , which is almost surely
in $C([O, \tau], \Sigma)$ , for any $\tau<\tau^{*}(\psi_{0})$ , where $\Sigma^{2}=H^{2}\cap\{(1+|x|^{2})u\in L^{2}\}.$




$(1.2)$ $\lambda=\pm 1$ $\sigma<\frac{2d}{d-2}$ if $d\geq 3$ $\sigma<+\infty$ if
$d=1,2$ $\Sigma$
$\lambda=1$ , $\lambda=-1$ $\sigma<2/d$
(Oh [19] ).
$U_{0}(t)$ (1.2) $V(x)=|x|^{2},$ $K\equiv 0,$ $\lambda=0$
$p\in[2, \infty],$ $0<|t|\leq\delta$
$|U_{0}(t)f|_{L^{p}(R^{d})}\leq C|t|^{-d(1/2-1/p)}|f|_{L^{p’}( )}, f\in L^{p’}(\mathbb{R}^{d})$ (3.1)
$K\equiv\lambda=0$ $V(x)= ^{}2$
(1.2) $V\equiv 0$ (1.2) :
$u(t, x)= \frac{1}{(\cos t)^{d/2}}e^{-\frac{i}{2}x^{2}\tan t}v(\tan t, \frac{x}{\cos t})$ (3.2)
$v$ $V=K\equiv 0,$ $\lambda=0$ (1.2)














$id \psi+\frac{1}{2}(\triangle-|x|^{2})\psi dt=\frac{\sigma_{0}}{2}|x|^{2}\psi\circ dW$ (3.3)
[23]
$i \frac{\partial\psi}{\partial t}+\frac{1}{2}(\triangle\psi-V(x, t)\psi)=0, \psi(s)=f$
$U(t, s)$
$U(t, s)$ $E$ :




$E(t, 0, x, y)=|2 \pi it|^{-d/2}\exp\{\frac{i(x-y)^{2}}{2t}\}, t>0$
$\bullet$ $V(x,t)=|x|^{2}$
$m\pi<t<(m+1)\pi(m\in \mathbb{Z})$
$E(t, 0, x, y)= \frac{e^{\frac{-im}{2}\pi}}{|2\pi i\sin t|^{d/2}}\exp\{\frac{i\{(|x|^{2}+|y|^{2})\cos t-2x\cdot y\}}{2\sin t}\},$




Zastawniak [24], Albeverio et al. [3]






$\psi(t, x)=\exp(-\frac{i|x|^{2}}{2}(\sigma_{0}W(t)+t))u(t, x)$ (4.1)
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$u$














Remark 4.1 $W(\cdot, \omega)$ $t$
$t\geq 0$ , $\omega$ $H_{\omega}(t)=(\nabla-iA(t, x))^{2}$ $C_{0}^{\infty}(\mathbb{R}^{d})$
$([20J,$
Theorem $X.34$). $H_{\omega}(t)$ $H_{\omega}(t)$
$t\geq 0$
$D(H_{\omega}(t))=\{v\in L^{2}(\mathbb{R}^{d}), H_{\omega}(t)v\in L^{2}(\mathbb{R}^{d})\},$
$\Sigma(2)$





Theorem 2 Let $T_{0}>0$ and $0<\alpha<1/2$ be fixed, and let $\omega\in\Omega$ be
such that $W(\cdot, \omega)\in C^{\alpha}([O, T_{0}])$ There exists a positive number $T_{\omega}$ and a
unique propagator $\{U^{\omega}(t, s), t, s\in[0, T_{0}], |t-s|\leq T_{\omega}\}$ with the following
properties.
(i) $U^{\omega}(t, s)$ can be written in the form of an oscillatory integral operator
as follows:
$U^{\omega}(t, s)f(x)=(2 \pi i(t-s))^{-d/2}\int_{R^{d}}e^{iS(t,s,x,y)}a(t, s)f(y)dy,$ $f\in C_{0}^{\infty}(\mathbb{R}^{d})$ ,
where $a(t, s)$ is a $C^{1}$ function of $t,$ $s\in[0, T_{0}]$ with $|t-s|\leq T_{\omega}$
satisfying $|a(t, s)-1|\leq C_{\omega,T_{0}}|t-s|$ for some constant $C_{\omega,T_{0}}$ . The
real valued phase function $S(t, s, x, y)$ satisfies the Hamilton-Jacobi
equations:
$(\partial_{t}S)(t_{\mathcal{S}}, x, y)+(1/2)((\nabla_{x}S)(t, s, x, y)-A(t,x))^{2}=0,$
$(\partial_{s}S)(t, s, x, y)-(1/2)((\nabla_{y}S)(t, s, x, y)+A(s, y))^{2}=0,$
and the following property: for any multi-index $\gamma,$ $\beta,$ $\partial_{x}^{\gamma}\partial_{y}^{\beta}S\equiv 0$ if
$|\gamma+\beta|\geq 3$ and
$| \partial_{x}^{\gamma}\partial_{y}^{\beta}\{S(t, s, x, y)-\frac{|x-y|^{2}}{2(t-s)}\}|\leq C_{\gamma\beta}$, if $|\gamma+\beta|=2.$
(ii) The opemtor $U^{\omega}(t, s)$ is a linear, unitary opemtor in $L^{2}(\mathbb{R}^{d})$ , and
satisfies
$U^{\omega}(t, s)=U^{\omega}(t, h)U^{\omega}(h, s)$ , for $0\leq s<h<t\leq T_{0},$ $|t-s|\leq T_{\omega}.$
Moreover, if $f\in L^{2}(\mathbb{R}^{d})$ , then $U^{\omega}(\cdot, s)f$ is continuous in $t$ with val-
ues in $L^{2}(\mathbb{R}^{d})$ , and $\partial_{t}U^{\omega}(\cdot, s)f$ is continuous with values in $\Sigma(-2)$
and satisfies
$i \partial_{t}U^{\omega}(t, s)f=-\frac{1}{2}(\nabla-iA(t, x))^{2}U^{\omega}(t, s)f$, $in$ $\Sigma(-2)$ .
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Remark 4.3 $(1.2)$ $V(x),$ $K(x)$
2)
$A(t,x)= \frac{1}{2}(\nabla V(x)t+\sigma_{0}\nabla K(x)W(t))$
$V(x),$ $K(x)$
$[22J$
$\sup_{x\in \mathbb{R}^{d}}|\partial_{x}^{\alpha}V(x)|, \sup_{x\in \mathbb{R}^{d}}|\partial_{x}^{\alpha}K(x)|\leq C_{\alpha}, |\alpha|\geq 2.$
$[22J$
$U^{\omega}(t,s)$
fb $\iota$ [11, 12, $22J$ Kumanogo-Tanigu chi
([1 $[9J$ $V(x)=\Sigma_{j=1}^{d}\nu_{j}x_{j}^{2},$
$K(x)= \sum_{j=1}^{d}\gamma_{j}x_{j}^{2},$ $v_{j},\gamma_{j}\in \mathbb{R}$
1 2
(1.2)
$i \partial_{t}u=-\frac{1}{2}(\nabla-iA(t, x))^{2}u+\lambda|u|^{2\sigma}u,$ $A(t, x)=x(\sigma_{0}W(t)+t)$ (4.3)
$u(0)=u_{0}\in L^{2}(\mathbb{R}^{d})$
(4.3)





Proposition 1 Assume $\sigma>0$ and $\lambda=\pm 1$ . Let $2/r=d(1/2-1/(2\sigma+$
2 $))$ .
(i) Let $u_{0}\in L^{2}(\mathbb{R}^{d})$ and $\sigma<2/d$ . Then there exists a unique global so-
lution $u$ of $(4\cdot 4)_{J}$ adapted to $(\mathcal{F}_{t})_{t\geq 0;}$ almost surely in $C([O, T_{0}];L^{2}(\mathbb{R}^{d}))\cap$
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$L^{r}(0, T_{0};L^{2\sigma+2}(\mathbb{R}^{d}))$ for any $T_{0}>0$ . Moreover, the $L^{2}$ norm is con-
served:
$|u(t)|_{L^{2}}=|u(0)|_{L^{2}},$ $a.s$ . in $\omega$ , for all $t\geq 0,$
and $u$ depends continuously on the initial data $u_{0}$ in the following
sense: if $u_{0,n}arrow u_{0}$ in $L^{2}(\mathbb{R}^{d})$ , and if $u_{n}$ denotes the solution of
$(4\cdot 4)$ with $u_{0}$ replaced by $u_{0,n}$ , then $u_{n}arrow u$ in $L^{\infty}(O, T_{0};L^{2})$ .
(ii) Let $u_{0}\in\Sigma$ and $\sigma<2/d$ . Then there exists a unique global adapted
solution $u$ of $(4\cdot 4)$ almost surely in $C(\mathbb{R}^{+};\Sigma)$ .
(iii) Let $u_{0}\in\Sigma,$ $\sigma<2/(d-2)$ if $d\geq 3$ and $\sigma<+\infty$ if $d=1,2$ . Then
there exists a maximal time $\tau*=T_{u0,\omega}^{*}>0$ such that there exists a
unique adapted solution $u(t)$ of $(4\cdot 4)$ almost surely in $C([O, T^{*});\Sigma)$ ,
and the following altemative holds: $\tau*=+\infty$ or $\tau*<+\infty$ and
$\lim_{t\uparrow T^{*}}|u(t)|_{\Sigma}=+\infty.$
(4.1) 1
(4.4) $u(t)$ $(\mathcal{F}_{t})_{t>0}$- (4.1)
$\psi(t)$ $(1.2)-(1.3)$
Theorem 3 Assume $\sigma>0$ and $\lambda=\pm 1$ . Let $2/r=d(1/2-1/(2\sigma+2))$ .
(i) Let $\psi_{0}\in L^{2}(\mathbb{R}^{d})$ and $\sigma<2/d$ . Then there exists a unique global
solution $\psi(t)$ of $(1.2)-(1.3)$, adapted to $(\mathcal{F}_{t})_{t\geq 0}$ with $\psi(0)=\psi_{0},$
which is almost surely $C(\mathbb{R}^{+};L^{2}(\mathbb{R}^{d}))\cap L_{loc}^{r}(\mathbb{R}^{+};L^{2\sigma+2})$ . Moreover,
the $L^{2}$ norm is conserved by the time evolution, that is,
$|\psi_{0}|_{L^{2}}=|\psi(t)|_{L^{2}},$ $a.s$ . in $\omega$ , for all $t\geq 0.$
(ii) Let $\psi_{0}\in\Sigma$ and $\sigma<2/d$ . Then there exists a unique global solution
$\psi(t)$ of $(1.2)-(1.3)$ , adapted to $(\mathcal{F}_{t})_{t\geq 0}$ with $\psi(0)=\psi_{0}$ , almost surely
in $C(\mathbb{R}^{+};\Sigma)$ .
(iii) Let $\psi_{0}\in\Sigma$ and $\sigma<2/(d-2)$ if $d\geq 3,$ $\sigma<+\infty$ if $d=1,2$ . Then
there exist a stopping time $\tau^{*}=\tau_{\psi_{0},\omega}^{*}>0$ and a unique solution $\psi(t)$
of $(1.2)-(1.3)$, adapted to $(\mathcal{F}_{t})_{t\geq 0}$ with $\psi(0)=\psi_{0}$ , almost surely in
$C([O, \tau^{*});\Sigma)$ . In fact, $\tau^{*}=\tau*$ , defined in Proposition 1 (iii).
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(iv) Let $\lambda=1,$ $\psi_{0}\in\Sigma$ and $\sigma<2/(d-2)$ if $d\geq 3,$ $\sigma<+\infty$ if $d=1,2.$
Then there exists a unique global solution $\psi(t)$ of $(1.2)-(1.3)$ adapted
to $(\mathcal{F}_{t})_{t\geq 0}$ , with $\psi(0)=\psi_{0}$ , almost surely in $C(\mathbb{R}^{+};\Sigma)$ .
(iv) (1.4) $H$
$R>0$ (4.4) $u$
$\tau_{R}=\inf\{t\geq 0, |u(\cdot)|_{L^{\infty}(0,t,\Sigma)}\geq R\}, \tau^{*}=\lim_{Rarrow\infty}\tau_{R}$
$\tau^{*}=T^{*}$ a.s. $\lambda=1$ $H$
















Assumption (A). The real valued centered stationary random process
$m(t)$ has trajectories a.s. in $L^{\infty}(O, T)$ for any $T>0$ , and is such that for
any $T>0$ , the process $t \mapsto\frac{\epsilon}{\sigma 0}\int_{0}^{t/\epsilon^{2}}m(s)ds$ converges in distribution in
$C([O, T])$ to a standard real valued Brownian motion.
Theorem 4 Let $0<\sigma<2/d$ and $\lambda=\pm 1$ . Suppose that $m(t)$ satisfies
Assumption $(A)$ above. Then, for any $\epsilon>0$ and $\psi_{0}\in L^{2}(\mathbb{R}^{d})$ there exists
a unique solution $\varphi_{\epsilon}$ , with continuous paths on $\mathbb{R}^{+}$ with values in $L^{2}(\mathbb{R}^{d})$ ,
of the following equation:
$\{\begin{array}{ll}i\partial_{t}\varphi= \frac{1}{2}(-\Delta+|x|^{2})\varphi+\lambda|\varphi|^{2\sigma}\varphi+\frac{1}{2\epsilon}m(\frac{t}{\epsilon^{2}})|x|^{2}\varphi,\varphi(0)= \psi_{0}.\end{array}$ (5.1)
Moreover the process $\varphi_{\epsilon}$ converges in distribution in $C([O, T];L^{2}(\mathbb{R}^{d}))$ as





Proposition 2 Assume $0<\sigma<d/2$ . Let $T_{0}>0$ and $0<\alpha<1/2$ be
fixed, and for $R>0$ , let $B_{R}$ be the closed ball of radius $R$ in $C^{\alpha}([O, T_{0}])$ .
Then, for any $u_{0}\in L^{2}(\mathbb{R}^{d})$ , the mapping
$W \mapsto u^{W}$
$B_{R} arrow C([0, T_{0}];L^{2}(\mathbb{R}^{d}))$
is continuous, where $u^{W}$ is the unique solution of $(4\cdot 3)$ given in (i) of
Proposition 1, and where $B_{R}$ is endowed with the topology of $C([O, T_{0}])$ .
2 2 $U^{\omega}(t, s)$
$f\in C_{0}^{\infty}(\mathbb{R}^{d})$ $U^{\omega}(\cdot, s)f$ (4.2)
$\omega\in\{\omega\in\Omega, W(\cdot,\omega)\in C^{\alpha}([0, T_{0}])\}(0<\alpha<1/2)$
$\omega$ $U^{\omega}(t, s)f$ $W(\cdot,\omega)$ $U^{\omega}(t, s)$
$U^{W}(t, s)$
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Proposition 3 Let $T_{0}>0R>0$ and $M>0$ be fixed. There exist
a $T_{R}>0$ , and a constant $C_{R,T_{0},M}>0$ such that if $f\in C_{0}^{\infty}(\mathbb{R}^{d})$ with





where $B_{R}$ is the centered ball in $C^{\alpha}([O, T_{0}])$ with radius $R$ , and $U^{W}(t, s)$
is the unique propagator of $(4\cdot 2)$ .
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